Studying the physics of quantum correlations has gained new interest after it has become possible to measure entanglement entropies of few body systems in experiments with ultracold atomic gases. Apart from investigating trapped atom systems, research on correlation effects in other artificially fabricated few-body systems, such as quantum dots or electromagnetically trapped ions, is currently underway or in planning.
I. INTRODUCTION
Experimental realizations of artificial few-body systems in ultracold atomic gases or semiconductor nanostructures offer a unique opportunity to get an insight into the quantum nature of the world. The fabricated microscopic structures, such as quantum dots (QD), electromagnetically trapped few-ion systems, or clusters of ultracold atoms, are often called ,,artificial atoms". Similarly as natural atoms, they can be theoretically well described by a nonrelativistic Schrödinger equation with a Hamiltonian containing the trapping potential V (r i ) and the two-body potentials U (|r i − r j |) of interaction between the constituents:
  ψ(r 1 , . . . , r N ) = Eψ(r 1 , . . . , r N ).
In most cases, the ,,artificial atoms" can be considered as closed quantum systems having a discrete spectrum of energy levels analogous to that of naturally existing few-body systems such as few-electron atoms or molecules. However, the artificially fabricated structures possess many advantages over the natural ones. The most important one is the possibility of isolating them in experiments and manipulating individually. Moreover, their microscopic parameters can be precisely tuned, not only the number of constituents, but also the type and the strength of interaction between them as well as the shape of the confining potential may be experimentally controlled by applying appropriately designed external fields. In this way, a system described by a specific Hamiltonian may be engineered at will, which makes a comparison of its measured and calculated characteristics in dependence on varying parameters possible. In particular, the system can be driven from stable to unstable state, which allows a study of the correlations in the critical regime.
There are various ways of quantifying correlations in quantum systems. In quantum chemistry, the correlations are usually measured with respect to Hartree-Fock approximation. The HartreeFock picture provides a simple way of understanding the interacting system by mapping it onto a system of non-interacting particles moving in a self-consistent field of other particles. In this picture, the exchange correlations due to Fermi statistics are accounted for, since the wave function of the system is approximated by a determinant of one-electron functions, but the correlations arising from the Coulomb interaction between electrons are beyond the scope of this approach. The amount of Coulomb correlations has been discussed first by Wigner and Seitz [1] , who introduced a quantity called the correlation energy, defined as a difference between the exact ground-state energy and its Hartree-Fock approximation E corr = E − E HF [1, 2] . E corr is frequently used until now as an energetic measure of correlation effects. Generalizing this concept, the correlation energy for states of definite permutation symmetry may be defined with respect to the mean field approximation to the energy E M F = Ψ M F |H|Ψ M F , where the approximate wave function is of the form of symmetrized or antisymmetrized product
However, one has to point out that so defined E corr is not a measurable quantity and its theoretical determination is troublesome, since it requires the mean field calculation to be performed in addition to numerical determination of the exact energy. In strict sense, E corr is not a measure of the true correlation strength but a measure of quality of the mean field approximation.
Another way of describing correlations in many-body systems is by using entropic concepts from quantum information theory [3, 4] . Theoretically, the bipartite correlations in pure states of many-body systems are characterised by the entanglement spectrum of the reduced density matrix (RDM) of the system partitioned into two subsystems [5, 6] . They can be quantified by entanglement entropies, i.e. von Neumann or other Renyi entropies of that spectrum. It was conjectured by Collins [7] that the correlation energy is proportional to the von Neumann entropy.
The original conjecture was shown to fail for the Hooke atom, since E corr does not vanish in the limit of vanishing interaction between constituents and its modification has been proposed [8] . The improved conjecture states that the relative correlation energy ∆E = |
to the entanglement entropy and that is ∆E that has to be used as an energetic correlation measure [8] . The modified conjecture has been shown to hold in two-electron elliptic quantum dots [9] and two-electronic He-like series [10] , by demonstrating that the relative correlation energy ∆E is linearly related to the entanglement measures associated with the linear and von Neumann entropies of the RDM.
The advantage of entropic correlation measures is that they are defined without referring to mean field approximations and may be calculated from numerically determined few-body wave function. Recently, the methods to measuring entanglement entropies of many body systems have been developed. The easiest to measure experimentally is the linear entropy that is related to the purity of the reduced system. The RDM purity has been measured in experiment at Harvard
University by creating two copies of the four-atom system in optical lattice of controllable depth and interfering them with each other [11] . Measuring differences between different parts of the two systems when the whole remained identical, they were able to measure entanglement in the system.
Those findings suggest that performing measurements of other kinds of entanglement entropies will be feasible by producing more copies of the many-body systems.
The aim of our research is to apply the concepts from quantum information theory to study resonance phenomena in few-body systems. In our study we develop an approach that enables determination of entanglement entropies of both bound and resonant states. As an application we study the model of the QD consisting of two interacting particles trapped in an open external potential. The linear entropy is calculated in dependence on the parameter related to the width of the potential well. The most interesting is the threshold range, where the character of the lowest energy state changes from bound to resonant.
The plan of our work is the following. The biorthogonal formalism enabling a treatment of resonances in analogous way to bound states will be presented in Sec.II. In Sec.III the optimized Rayleigh-Ritz method will be generalized to resonant states. In Sec.IV we discuss the quantum information characteristics of correlations in the system. Entanglement entropies in the lowest states of the Gaussian QD are calculated in Sec.V, and the conclusion presentd in Sec.VI
II. BOUND AND RESONANT STATES
Recent advances in experimental fabrication of the systems that realize tunable few-particle
Hamiltonians give hope that measurements of their detailed characteristics in dependence on varying parameters will be possible. Especially interesting range is that around the critical value of their parameters, which divides the region of stability from that of instability. Theoretical description of this range is not an easy task because the stable and unstable states are described quite differently in quantum mechanics. Bound state wave functions fulfil the Schrödinger equation with vanishing boundary conditions at infinity, and belong to the Hermitian domain of the Hamiltonian.
Unstable states, called resonant or quasi-bound states, have finite but relatively long lifetime, which corresponds to finite probability of decaying. Although they might exhibit localized properties, the important distinction from the bound states is that their wave functions, being solutions to the Schrödinger equation with outgoing boundary conditions, diverge in the continuum. The resonant states cannot be thus described as vectors in the Hilbert space of square-integrable functions L 2 .
In the following, the possibility of treating bound and resonant states on the same footing will be presented, limiting to the case of one particle in one-dimensional space for simplicity.
A. Resonances as Gamow states
Although the lifetime of resonant states is finite, they may be considered as eigenstates of the Hamiltonian operator. In studying radioactive α-decay, Gamow proposed [12] to relate the resonant state with the solution of the Schrödinger equation
with complex eigenvalue
This results in the probability density of finding the particle of the form
where the parameter τ = Γ determines the lifetime and corresponds to Breit-Wigner distribution
The complex eigenvalues E − i Hilbert space H, with complex eigenvalues [13] [14] [15] . Application of the formalism is however difficult to implement in the context of realistic quantum-mechanical models. In practical calculations, other method, such as closing the system in a large enough box, or introducing complex absorbing potential are thus applied. The most widely applied method that enables treating the resonances as autonomous states of the system is the method of complex scaling which we will also use in this paper.
B. Complex scaling method
The complex scaling method (CSM) allows to separate the resonant states from the continuous spectrum of the HamiltonianĤ which is self-adjoint on the Hilbert space L 2 [16] . Consider the scaling transformation of the formx
where U = e −θxp/ and θ ∈ R. Upon the transformation the Hamiltonian takes a form
It is easy to observe thatĤ θ is no more self-adjoint on L 2 , if θ = 0. However, the advantage is that the rescaled wave functions of resonant states
become square integrable if
. This fact has been rigorously proved for dilatation analytic interactions, i.e. for potentials V (x) analytically continuable on the complex plane, and is referred to as the Balslev-Combes theorem [17] . After complex scaling transformation (7), the energies of bound states and the thresholds remain the same as those of the original HamiltonianĤ, but the continuous spectra get rotated about the thresholds by an angle 2θ into the lower energy half-plane, exposing complex resonance eigenvalues, as illustrated in HamiltonianĤ θ by using bound-state-like strategies [16] [17] [18] [19] . The price we pay is that we have to deal with non-Hermitian operators.
C. Spectrum of a non-Hermitian operator
The spectral analysis of non-Hermitian operators is a more complicated issue than that of the Hermitian ones. Consider a non-Hermitian operatorK =K † , on a Hilbert space H with scalar product .|. , where the adjoint operator is defined by χ|Kψ = K † χ|ψ . To simplify the treatment, we assume that the spectrum of the operator K is discrete with distinct eigenvalueŝ
where the |ψ n and χ n | eigenvectors of the operatorK correspond to the same eigenvalue ε n .
It appears convenient [20] to study the intertwined eigenproblem of the adjoint operator K † that
If the operatorK is non-Hermitian, the vectors |ψ n and |χ n are essentially different. It is customary to call |ψ n the right, and |χ n the left eigenvector of the operatorK. The unpleasant feature of non-Hermitian operators is that their right eigenvectors are not orthogonal to each other
Fortunately, orthogonality holds between the right and left eigenvectors that correspond to different eigenvalues, they can be thus normalized so as to satisfy the relation
In this way a set {|χ n , n ∈ N} is obtained that is biorthonormal to the set {|ψ n , n ∈ N}.
The choice is unique up to simultaneous multiplication of the right vectors by arbitrary complex constants f n and the left vectors by
, which changes the norm | ψ n |ψ n | by factor |f n |. We assume the operatorK is such that the completness relations hold
One has to mention that for non-Hermitian Hamiltonians this is not always true. It may happen for some specific values of the Hamiltonian parameters that one of its eigenvectors, e.g. the k−th, is such that χ k |ψ k = 0. In such a case, which is called exceptional point [21, 22] , some eigenstates coalesce and completeness relations are not fulfilled. Excluding such exceptional cases, the biorthonormal set {|ψ n , |χ n , n ∈ N} constitutes a Riesz basis in H. Representation of the operatorK in that basis takes the diagonal form
The projection operator onto the direction of |ψ n is given bŷ
The biorthonormal basis may be connected to some orthonormal basis {|e k } chosen in the Hilbert space H by the transformation
This transformation bringsK to the diagonal form
Obviously, the transformation A does not have to be unitary. Only in the case of Hermitian operator,K =K † , the unitarity of A is assured and in this case |χ n = |ψ n (up to a factor of unit absolute value), i.e. the biorthonormal basis reduces to the standard orthonormal basis offered by the right eigenvectors ofK.
Representing the vectors in biorthonormal basis {|ψ n , |χ n } as linear combinations
their scalar product is expressed as
This means that the bra and ket vectors can be viewed as rows and columns, respectively. Similarly, with the matrix element of an arbitrary operatorF in the biorthonormal basis defined as
the product of operatorsF andĜ is represented simply by the matrix (FĜ) nm = k F nk G km , i.e. the standard rules of matrix multiplication apply. This wouldn't be the case, if nonorthogonal basis {|ψ n } with matrix element defined as ψ n |Ĝ |ψ k would be used. In biorthonormal bases, the matrix algebra looks very similar to the algebra in orthonormal ones. It has been stated [20] that for consistent probabilistic interpretation of the eigenstates of non-Hermitian Hamiltonians, the duality relation has to be modified. For an arbitrary state |ψ , the associated state has to be defined according to
Observing that c n = χ n |ψ = ψ|ψ n , it might be verified that ψ 1 |ψ 2 = ψ 1 | ψ 2 and the probability for a transition from a quantum state ψ to the n-th eigenstate of the Hamiltonian is a real number.
We consider the case whenK is a Hamiltonian operator that fulfills the time dependent
In that case,K † andK are connected by the time reversal operator T by the relationshipK † = TKT −1 , and the phase can be chosen so as to have |χ n = T |ψ n . For nondegenerate problems in 1D, this results in a simple relationship between the eigenvectors represented in the position space
With such a fixing of the biorthonormal basis, it is easy to show that ψ n |ψ n = r, where r ≥ 1, and the equality holds only in the case ifK is Hermitian in L 2 [23] .
III. DETERMINATION OF THE SPECTRUM OF A NON-HERMITIAN HAMILTONIAN
A. Rayleigh-Ritz approach
After complex scaling, the HamiltonianĤ θ becomes non-Hermitian operator in L 2 . Determination of its spectrum may be based on the bivariational principle for non-Hermitian operators [24] .
Since the resonance eigenvalues are complex numbers, their spectrum is determined by stationarity rather than minimization condition. The complex Rayleigh quotient is defined as
where the vectors |χ and |ψ are such that χ|ψ = 0. The principle states that I[χ, ψ] is stationary with respect to independent variation of |χ and |ψ iff the vectors are solutions of the
In the Rayleigh-Ritz approach the unknown vectors |χ and |ψ are represented in a conveniently chosen basis and the expansion coefficients are fixed so as to make the Rayleigh quotient stationary, which converts the problem to the matrix form. The simplest equations are obtained if a biorthonormal basis is used and the vectors are expanded as |ψ = k c k |ψ k and |χ
The exact representation of the eigenequations (25) is obtained in the form
and
Numerical solutions in the Rayleigh-Ritz method are derived by truncating the above infinite systems to finite sum approximations that involve only the first M eigenvectors. The accuracy of the approximation may be systematically improved by increasing M and checking the convergence properties.
B. Complex Basis
In the position space representation, ψ(x) being the eigenfunction of the complex scaled operator H θ is approximated by a finite linear combination of the real functions from the chosen orthonormal
, where by A we denoted an arbitrary real parameter. It is an usual practice to introduce a dependence on arbitrary nonlinear parameters into the functions of the basis, which makes them adaptable to the problem under study. Of course, the exact solutions of the secular equation (26) do not depend on their values. Therefore, in the finite M approximation the freedom in the choice of the values of those parameters may be conveniently exploited by adjusting them so as to obtain the fastest convergence.
The matrix elements in the secular equation are obtained in the form
It has been observed [25, 26] that changing the variable x to xe −iθ and using Cauchy's theorem to distort the integration contour back to the real axis, the matrix elements turn into
The complex scaling is thus equivalent to working with original HamiltonianĤ and using the basis functions with coordinates rescaled with e −iθ factor. Going further and choosing the nonlinear parameter A as the scale parameter, so that
the RR matrix element (29) may be written as
where the nonlinear parameter A and the complex scaling angle θ did combine into a complex parameter α = Ae iθ . In this way, by replacing the real parameter A in the square integrable functions φ A by a complex parameter α, we obtain the set of complex-valued functions φ α that do not necessarily belong to L 2 . Equation (31) is sometimes interpreted so that the secular equation
for resonances is the same as for bound states if instead of the ordinary scalar product of the [27] is used. Taking into account the relation between the functions of the biorthonormal basis (23), makes evident that this interpretation is equivalent to working with the ordinary scalar product < f |g > and using biorthonormal basis, which approach we adopt in the present work.
In the complex basis approach, the value of the α parameter may be chosen by the trial and error or determined in iterative calculation so as to ensure a fast convergence for a particular state.
Another option, RR opt , proposed by one of us for bound states [28] , is to fix the values of unphysical parameters in the Mth order approximation so as to make the trace of the RR matrix stationary.
As representing approximation to a physical quantity (a sum of M eigenvalues), the trace should depend as weakly as possible on infinitesimal changes of unphysical parameters. This approach has an advantage that unphysical parameters are fixed before diagonalization of the RR matrix.
Extending the RR opt method to resonant states has been proposed by requiring stationarity of the trace with respect to small variation of the complex parameter
where
Convergence of the RR opt method has been demonstrated for one-particle resonant problems [29] .
C. Biorthonormal basis of the HO with complex frequency
In the case where the spectrum of the non-Hermitian operatorK can be solved analytically, the system of its eigenvectors together with the eigenvectors of its adjointK † provides an explicit realization of a biorthonormal basis. Such a basis may be applied in Rayleigh-Ritz determination of the spectra of non-Hermitian operators, in analogous way as orthonormal bases of solvable Hamiltonians eigenvectors are used to determine spectra of Hermitian operators. Biorthonormal bases may be constructed from the eigenvectors of the well-known solvable problems, such as harmonic oscillator, or particle in infinite well or Coulomb potential, by replacing the real parameters of the models by complex ones.
In solving 1D problems, we will use the biorthonormal basis constructed from the eigenvectors of the harmonic oscillator (HO) with complex frequency Ω. In the position representation, the Hamiltonian of the HO takes a formĤ
and its eigenequation readŝ
The eigenfunctions are given by
where H j ( √ Ωx) are Hermite polynomials. In the case of complex Ω, the Hamiltonian is nonHermitian, and the eigenequation of the adjoint operator readŝ
The eigenfunctions of the adjoint operatorĤ † HO given by
are complex conjugates of the eigenfunctions ofĤ HO (35) in agreement with the general rule (23) . The functions ψ Ω j (x) and χ Ω j (x) are orthonormal with respect to the usual scalar product
The matrix element of an arbitrary operatorF in the biorthonormal basis can be written as
where the equivalent expressions in terms of c−product have been placed on the right sides of the formulas (38) and (39) for comparison.
IV. BIPARTITE ENTANGLEMENT A. Schmidt decomposition
Entanglement expresses the correlation between various parts of a quantum system. Convenient tools for its quantification are provided by quantum information entropies which measure the increase of entropy that occurs if a system is partitioned [6] . The study of bipartite entanglement relies on the Schmidt theorem that there exists a decomposition of the state |ψ on two parts in the form
where {|u i 1 } i {|v i 2 } are vectors in Hilbert spaces H 1 and H 2 , respectively, and
conforming to the normalization condition ψ|ψ = 1. Density operator that corresponds to the pure state |ψ can be written asˆ
and reduced density operators of the subsystems 1 and 2, obtained by tracing out the complementary system, are represented asˆ
where λ i = |k i | 2 are the occupation numbers that are equal for both orbitals |u i and |v i . The number of non-zero terms in the decomposition (40) is called the Schmidt number. The considered parts are unentangled when the Schmidt number is equal one, i.e. the system is separated into two independent subsystems. The amount of bipartite entanglement can be conveniently quantified by the Rényi entropies of the spectrum
where the subscript of the reduced density operatorˆ is omitted, since the entropies of the subsystems 1 and 2 are equal. The most used are the first and second Rényi entropies. The von Neumann entanglement entropy, obtained as the limit as q → 1, can be represented as
The second Rényi entropy is related to the linear entropy L by the relationship
It is easy to see that
where T r[ˆ 2 ] is the purity of the RDM.
Various kinds of entanglement can be discussed by studying different partitions of the system.
Here we consider entanglement between the particle partitions, where the system is divided on two parts: p-particle system and (N − p)-particle system. The p-particle RDM defined as [30] (
can be represented in the Schmidt form
It is interesting to note that the linear entropy of the particle bipartition can be calculated directly from wave functions. Other Renyi entropies require determination of natural occupancies, so that diagonalisation of the RDM has to be performed. It turns out that the linear entropy is the easiest entropy to determine both theoretically and experimentally.
B. Two-particle case
In this work, we limit our test examples to systems of two particles in one-dimensional potential.
In this case, the only possible partition is into two one-particle systems with RDM of simple oneparticle form
the eigenfunctions of which are just the natural orbitals, well known in quantum chemistry [31] and in the Schmidt form is represented as
where we omitted the index p = 1 of and we assumed that wave functions are chosen to be real.
The entanglement in two-particle systems in various external potentials has been intensively studied by calculating linear and von Neumann entropies of RDM both for natural atoms [32] [33] [34] [35] [36] [37] and artificial systems [8, [38] [39] [40] [41] [42] [43] [44] [45] . In the case of resonant states, the complex scaled Hamiltonian is non-Hermitian and its eigenequationĤ
is intertwined with that of the adjoint operator H † that readŝ
There is some arbitrariness concerning the definition of the density operator due to the difference between the right |Ψ and left |X eigenvectors of the non-Hermitian Hamiltonian. We consider two possible definitions of the density operator
where |X is the eigenvector of the adjoint operator H † and | Ψ is the vector associated to |Ψ defined by (21) . Both definitions tend to the usual definition in the Hermitian limit, when the vectors |Ψ and |X become equal. The Schmidt decompositions of the two-particle states are related as
Taking into account that χ i (x) = u * i (x) and η i (x) = v * i (x), we can see that the RDM obtained from (53) can be written as
where N = X|Ψ = i k 2 i . The RDM obtained from the definition (53) is the same as proposed by Pont and coworkers [46] , who used the c-product in the Hilbert space of complex scaled functions. With such a definition, the coefficients in the Schmidt decomposition of RDM λ i = 
was discussed for spherically symmetric two-electron QD [46] , adopting the interpretation of its real part as the physical quantity and the imaginary part as the uncertainty of its measurement [16] .
We also used that definition calculating the linear entropy of the quasi-one dimensional Gaussian QD [47] . Derivation of the Schmidt decomposition of RDM from the Schmidt decomposition of resonant wave functions Ψ(x 1 , x 2 ) (58)has been performed before by orthogonalization of the right vectors basis in the complex scaling formalism [48] and used to determine the complex entropies in autoionizing states of the He atom [49] .
On the other hand, the RDM obtained from (54) can be written as
With this definition of the density matrix, the occupancies
j |k j | 2 are real numbers, which results in real-valued entanglement entropies. The linear entropy is given by
V. RESULTS FOR QUASI-ONE-DIMENSIONAL GAUSSIAN QD
As an illustration, we present the entanglement entropies for the one-dimensional Hamiltonian
The model can be regarded as a quasi-one dimensional approximation of the highly elongated QD consisting of two Coulombically interacting electrons, the Hamiltonian of which is given bŷ
with m * and * being the effective electron mass and dielectric constant, respectively, which characterize the superconducting material [50, 51] . The lateral confinement in axially symmetric harmonic potential of frequency ω ⊥ corresponds to the lateral confinement length ⊥ = ( m * ω ⊥ ) 
where an attractive Gaussian potential of the depth V 0 expresses the longitudinal confinement with the parameter β related to the longitudinal radius of the QD, as demonstrated in Fig.2 . In the case of strong lateral confinement, ⊥ 
where erf cx(z) = exp x 2 (1−erf (z)) and the error function erf (z) = The correlations between the electrons in the highly elongated QD will be discussed thus in the quasi-one dimensional approximation (62) with effective interaction (65). The inverse Gaussian potential has the form of an open well, the width of which depends on the value of the parameter β. The energetically lowest two-particle state is bound if its energy is smaller than the energy of the lowest one-particle state, which takes place when the width of the well is large enough. The analysis shows that there exists a threshold value β th such that for β < β th the lowest energy state becomes autoionizing resonant state. In order to solve the Schrödinger equation using the same approach in the whole parameter range, we applied the complex basis method described in Sec.III B with single particle-basis eigenfunctions of the harmonic oscillator of frequency Ω (35) gets minimum and starts to increase with decreasing β. This may be explained by the resonant character of the state. The system gets more correlated, since the probability that one of the electrons is outside the trap gets larger and long-range Coulomb interaction dominates. It seems that real entropy better accounts for the fact that in this range of β the number of occupied natural orbitals grows. analysis including other Hamiltonian models and will be treated in more detail elsewhere.
